We perform the phase space analysis in terms of the linearization technique in the Hořava-Lifshitz gravity with the softly broken detailed balance condition. It can be shown that the bouncing universe appears only for the positive spatial curvature of k = +1, and it is possible to obtain oscillating universe with the help of the negative dark radiation and the negative cosmological constant.
which seems to be incompatible with the recent accelerated expansion of the universe. By the way, it is possible to obtain the asymptotically flat solution of the vanishing cosmological constant along with the asymptotically anti-de Sitter solution for the softly broken DBC. So, one may ask what the crucial cosmological difference is between the case of the vanishing cosmological constant and the nonvanishing one in the softly broken DBC model, which is a main motivation of the present work. Eventually, it turns out that the cosmological behaviors between them are not so much different from each other. It shows that only for k = +1, cyclic universes exist throughout matter bounce at early stage and decelerated expansion at late time for both cases. As for k = −1, there exists an unstable fixed point in the forbidden region of the negative total energy for both cases. In this case, we can avoid the initial singularity by imposing the positivity of the total energy. Unfortunately, all of them do not show the recent accelerated expansion, which is a weakness of the model with the DBC either with the softly broken DBC. Now, considering Arnowitt-Deser-Misner (ADM) decomposition of the metric with [48, 49] , the Einstein-Hilbert action can be rewritten as
where
is the extrinsic curvature at t = constant hyper-surface, and the dot denotes the derivative with respect to time t. Here, g ij , R, and ∇ i are the metric, the intrinsic curvature, and the covariant derivative in the three-dimensional hyper-surface, respectively. The above anisotropic scaling (1) gives
and N are invariant. Requiring that the Planck constant is also invariant, → , we get
, where E and M are energy and mass, respectively. Then, the Hořava-Lifshitz gravity (HL) under the softly broken DBC [3] is given by
where κ 2 is a coupling related to the Newton constant G N , and λ is an additional dimensionless coupling constant. In addition, ω represents the IR modification which is essential to have asymptotically flat solutions. The coupling constants µ, Λ W , and ζ come from the three-dimensional Euclidean topologically massive gravity action [5, 6] given by
where χ(Γ) represents the gravitational Chern-Simons term. Then, the scaling of couplings can be obtained as
identifying the fundamental constants with
the Einstein-Hilbert action (2) can be recovered in the IR limit when λ = 1. For λ > 1/3, we have ω > Λ W and Λ < 0 from the identification (5), while for λ < 1/3, we have ω < Λ W and Λ > 0. From now on, we will assume λ > 1/3 to keep the Einstein limit. Now, we are going to consider the Robertson-Walker (RW) metric,
where k = 0, ±1 are normalized spatial curvature. After some tedious calculations, the equations of motion from (3) can be obtained as
where H =ȧ/a is the Hubble parameter. Apart from the normal matter contributions of ρ and p, the additional energy-momentum contributions from the potential terms (3) are explicitly written as
Similarly to the general relativity, ρ vac and ρ k come from the vacuum energy and the spatial curvature contributions, respectively. In particular, in the HL theory, ρ dr is called the dark radiation. The total actual energy can be defined by ρ tot = ρ + ρ vac + ρ dr . Note that the negative dark radiation is enough to realize the matter bounce [13, 14] , so we do not need any additional ad hoc energy sources to make the bouncing universe. By the way, combining
Eqs. (7) and (8), we can get the acceleration of the scale factor,
where we used the relation ρ k + 3p k = 0 and ω(a) = p tot /ρ tot is the equation-of-state parameter for the total energy. Now, let us perform numerical analysis for this system (10) and obtain phase portraits.
First of all, we should introduce additional variable v =ȧ, so that we get two first-order differential equations,ȧ
where we used Eqs. (7) and (10). Next, following the linearization technique [50] , the Jacobian matrix is obtained as
and the corresponding eigenvalues are η = ± −3c 2 kω ′ (a * )/(3λ − 1)a * , then fixed points (a * , 0) are classified as a center for kω ′ (a * ) > 0 or a saddle node for kω ′ (a * ) < 0, where a * satisfies 1 + 3ω(a * ) = 0.
We are now in a position to specify the matter source which consists of the conventional cold matter and radiation, ρ = ρ m + ρ r with ρ m ∼ a −3 and ρ r ∼ a −4 . Then, the equationof-state parameter ω(a) is given by
where the density parameters are defined as Ω i = ρ i /ρ c evaluated at the present universe scale a 0 , which can be fixed to a 0 = 1 for convenience. Assigning Ω vac ≃ −0.7, Ω m ≃ 0.3, the negative cosmological constant. We have maintained the positivity of the total energy density. In this respect, the inside between the horizontal arrows in Fig. 1 (b) is not allowed.
As for the negative contribution of dark radiation, it is interesting to note that there have been concrete justifications for models with negative density, in particular, a brane universe moving in a curved higher dimensional bulk space [51] and a model of dark energy stemming from a fermionic condensate [52] , although we do not know how to justify the negative dark radiation in this model. In Fig. 2 , the cosmological evolution can be shown for the case of the vanishing cosmological constant following the same procedure. Eventually, it turns out that the cosmological behaviors between the cases of the vanishing cosmological constant (Fig. 2 ) and the nonvanishing cosmological constant (Fig. 1) are not so much different from each other.
Final comment is in order. Unfortunately, the HL cosmology with the DBC does not exhibit the recent accelerated expansion of our universe. On the other hand, a positive cosmological constant can be obtained for λ > 1/3 by an analytic continuation, µ → iµ and [26, 27] , which makes the coefficients of the potential terms in the action (3) have the opposite sign, so that we have ω < Λ W and Λ > 0. Then, it gives the latetime accelerated expansion, however, it causes the initial singularity problem because of the absence of the matter bounce.
